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Abstract 

The powers of generating functions and its properties are analyzed. A new class of 
functions is introduced, based on the application of compositions of an integer n, called 
composita. The methods for obtaining reciprocal and reverse generating functions, 
and solutions of the functional equations F(A(x)) = G(x), where A(x) is an unknown 
generating function, are proposed. 
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1 Introduction 

Finding expressions of reverse generating function coefficients is not an easy task and it is 
based on the Lagrange inversion formula (U |2j [3]. However, at the present moment there is 
no such a method for obtaining expressions of reverse generating function coefficients. Below 
we propose such a method, derived from the Lagrange inversion theorem and composita of 
generating functions. 

Definition 1. The composita is the function of two variables defined by jl] 

F A (n,k)= /(Ai)/(A 2 )---/(A fe ), (1) 

where C n is the set of all compositions of an integer n, ilk is the composition Yli=i = n 
into k parts exactly. 

Comtet [1, p. 141] considered similar objects and identities for exponential generating 
functions, and called them potential polynomials. In this paper we consider the case of 
ordinary generating functions. 
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The generating function of the composita is equal to 

[F(x)] k = J2F A (n,k) 



x 



(2) 



n>k 



For instance, we obtain the composita of the generating function F(x, a, b) = ax + bx 2 . 
The binomial theorem yields 



[F{x, a, b)} k = x k (a + bx) k = x k ( k \ a k ~ m b 

m— n v^/ 



k— mijn„m 



m=0 

Substituting n for m + k, we get the following expression: 

2k , , s 2k 

[F(x, a, b)] k = ( _ k j a 2k ' n b n - k x n = ^ G A (n, k, a, b)x n . 

n=k ' m—h 



Therefore, the composita is 



F A (n, k, a, b) 



k 

n — k 



n=k 



2k—njjn—k 



a Zk ~ n b 



(3) 



Now we show the compositae of several known generating functions [TJ [7] in the Table [TJ 



Generating function G(x) 


Composita G A (n,k) 


ax + 6x 2 


a 2k - n b n - k ( n k _ k ) 


bx 
1+ax 


(-l) n+k ( n k Zl)a n - k b k 


ln(l + x) 


k\ \nl 


e x - 1 


fc! _fn\ 
n! UJ 



Table 1: Examples of generating functions and their compositae 



The notation [™1 are the Stirling numbers of the first kind (see [TJ [5]). The Stirling 
numbers of the first kind count the number of permutations of n elements with k disjoint 
cycles. 

The Stirling numbers of the first kind are defined by the following generating function: 



n>k 



X" 



1 



n! k\ 



ln fe (l + x) 



The notation {"} are the Stirling numbers of the second kind( see [UE])- The Stirling 
numbers of the second kind count the number of ways to partition a set of n elements into 
k nonempty subsets. 
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A general formula for the Stirling numbers of the second kind is given as follows: 

1 k 



The Stirling numbers of the second kind are defined by the generating function 



n>k 



Considering the formula ([2]), we can conclude that the composita is a characteristic of 
the generating function F(x). In tabular form the composita is a triangle: 









F A 

2,1 


F A 

r 2,2 


r 3,2 


F A 


F A 

r 4,3 



pA pA zpA 

r 3,l r 3,2 r 3,3 

ztA pA pA pA 

r 4,l r 4,2 r 4,3 r 4,4 



pA 

'.,71 



zpA zpA pA pA 

n,l n,2 ' ' ' ' ' ' n,n— 1 n, 

Example 2. Suppose = = Yl x ™ where /(0) = 0, and the rest f(n) = 1, n > 0. 

x n>0 

Let us find its composita. From the formula (CQ) it follows that 

F A (n,k) = L 



Here summation is applied to all compositions of an integer n with exact k parts equal to 
C-D- Thus > 

F A (n,A;)= / " ~ ' 



k-l 
Then 

(x + x 2 + x 3 + • • • + x n + • • • ) k = ( ? _ x ) 

The first terms of the generating function F(x) = (it is the Pascal triangle) are shown 
below 

1 

1 1 
1 2 1 

13 3 1 
1 4 6 4 1 
1 5 10 10 5 1 
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2 Composition of ordinary generating functions and its 
composita 

For obtaining the method for finding reverse generating functions, we write the following 
lemma, which was proved by author [6J. 

Lemma 3. Suppose the functions f(n) and r(n), and their generating functions F(x) = 
En>i / W 1 ™) R{x) = Yl n >o r ( n ) xn are 9^ ven respectively. Then for the calculation of gen- 
erating functions composition A(x) = R(F(x)), the following expression is true 

o(0) = r(0), 

■n 

a(n) = ^F A {n,k)r{k). (4) 

k=l 

Further, when writing the composition A(x) = R(F(x)), the following will be assumed 
a(0) = r(0). 

The obtained formula (T4|) defines the transformation of the sequence with the given 
generating function R(x). In this case, the generating function of the resulting sequence will 
be recorded in the form of a composition A(x) = R(F(x)). 

Let us consider the problem of obtaining compositae for a function of the type A(x) = 
xR(F(x)), where -R(O) ^ 0. Let us establish the following theorem. 

Theorem 4. Suppose we have generating functions R(x) = Yl n >o r { n )x n , F(x) = ^ n>0 f{n)x r ' 
R(n,k) is the expression for coefficients of the generating function R(x) k , F A (n,k) is the 
composita of F(x). Then, for the generating function A(x) = xR(F(x)), the composita is 
equal to the following expression: 

{r(0) n , n = rn; 

«" m A (5) 
2^ t (n — m, k)R{k,m), n > m. 
k=l 

Proof. Let us consider the expression [B(x)] m = [R(F(x))] m . According to the Theorem on 
composition of generating functions HJ we have 



B(n, m) 



V(0), n = 0; 

n 

F A (n,k)R(k,m), n > 0. 



.k=l 

Hence, for the composita of the generating function A(x) = x B(x), we obtain 

r(0) n , n — to; 



A(n, m) = B{n — m, m) 



F A (n — m,k)R(k,m), n > m. 

k=l 



□ 
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3 Composita of a reciprocal generating function 

Reciprocal generating functions are the functions, which meet the condition |7j 

A(x)B(x) = 1. (6) 

Let us consider the following problem: if we know the composita x B(x), we need to find the 
composita x A(x) = -g^y 

Let us establish the following theorem on calculation of compositae of reciprocal gener- 
ating functions. 

Theorem 5. Suppose we have the generating function B(x), b(0) ^ and the composita 
B A (n,k) of the generating function xB(x) . Then the composita of the generating function 
xA(x) is equal to 



i 



B A (1,1)"> ' 

A A (n, m) ' 



n = m: 



7l-n- ^ V^-I 1 ) £^®B A (n-m + jJ), n>m. M 

k=l j=l 



1 (m+k-l\ (-iy (k\ nA 

B A (l,l) m \ m-1 ) ^ B A (l,lV \j) 

k=l j=l 

Proof. Based on the formula we can write 

x 



xA(x) 



1 



x 



6(0) +£(&)- 6(0) b(0) l + B( " fc ) ~j )(0) ' 



Then for obtaining the composita, it is necessary to find the expression of generating 
function coefficients 

1 



[xA(x)Y 



x 



b(0)l + ^(B(x)-b(0))_ 

Let us obtain the composita of the function ^(B(x) — b ). Knowing that [xB{x)] i 
B A (n, k)x n and 6(0) = B A (1, 1), we get 



n>k 



l(B(x)-b ) 



n>k 7=1 



The coefficients of the function 

1 



l l 



B^M) 1+a: 
n + k — 1 



is equal to 



r 



s A (i,i) fe v fe-i 

Then in accordance with the Theorem HI we obtain the desired formula 
( 1 

A(n, m 



m = 0; 



n A; 



fc=li=l 



□ 



5 



4 Composita of reverse generating functions 

In the following lemma we give the Lagrange inversion formula, which was proved by [2]. 

Lemma 6 (The Lagrange inversion formula). Suppose H(x) = ^2 n>0 h(n)x n with h(0) ^ 0, 
and let A(x) be defined by 

A(x) = xH(A(x)). (8) 

Then 

n[x n ]A(x) k = k[x n - k }H(x) n } (9) 

where [x n ]A(x) k is the coefficient of x n in A(x) k and [x n ~ k }H(x) n is the coefficient of x n ~ k 
in H(x) n . 

Now, let us establish the theorem on obtaining a explicit formula for the composita of 
reverse generating function. 

Theorem 7. Suppose we have the generating function F(x) = Y2 n >o /( n ) x ™5 /(l) 7^ an ^ 
its composita F A (n,k). Then the composita of the reverse generating function A(x) is equal 
to the following expression: 



l^n 1 77 — 771, 

A ^ m ^=< m V ( n+k ^) f fc£ ' ( k )F*(n-m+i i) n>m 

nFi(l,l)» 1^ \ n-l ) 2^ F±(l,l)i \j) t \ U m + h3), U > TTi. 
fc=l j = l 

Proof. According to LemmaEl for the solution of the functional equation A(x) = xH(A(x)), 
we can write 

n[x n ]A(x) k = k[x n - k ]H(x) n . 

In the left-hand side, there is the composita of the generating function A(x) multiplied 
by n: 

n[x n ]A(x) k = nA A (n,k). 

We know that 

(xH(x)) k = ^G A (n, k)x n . 

n>k 

Then 



)x n - k . 



{H(x)f = J2G A (n, jfe); 

n>k 

If we replace n — k by m, we obtain the following expression: 



(H(x)) k = Y,G A {m + k,k) 



x m . 



m>0 



6 



Substituting n for k and n — k for m, we get 

[x n - k ]H{x) n = G A (2n-k,n). 

Therefore, we get (cf. [I]) 

A A (n,k) — —G A (2n — k,n). (11) 
n 

Hence, for solutions of the functional equation A(x) = xH(A(x)), we can use the following 
expression: 

[A(x)} k = AA ( n ' k ) xn = ~ GA ( 2n - k ' n ) xn - 

n>k n>k 

Therefore, 

A(x) = Y,-G A {2n-l,n)x n . 

n>l 71 

Now we write the equation for the reverse generating functions in the form of A(x)H(A(x)) 
x, where H(x) = -^p- Then we can write the equation O in the following form 

A{x) 



G(A(x))' 

Hence, based on the formula ITTj we get 



A A (n, m) = — R A (2n —m,n), 
n 

where R A (n, m) is a reciprocal composita for the generating function xH{x) (see the formula 
[7]). Revealing R A (n,m), we obtain the desired formula. □ 

Corollary 8. For the generating function F(x) = ^2 f( n ) xU jf(^) — 1) the coefficients of 

n>0 

reverse generating function is equal to the following expression 



1, n = 1 



"""^iEK 1 ) OF A (n + j n>l. (12) 

k=l j=l 

Let us consider the examples. 

Example 9. Suppose we have the generating function F( , the composita of 

reverse function needs to be found. To do this we need to find the composita of reciprocal 
function of R(x) = x _^_ x i ■ It has the expression jl] 



1 



R(n,m) — < ™ ™ / k \ (k+m-l\ . _ 

1 > ( , i , n > m. 

k=l 
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Then the composita of reverse generating function have the expression 

. m 

A(n, m) = — R(2 n — m,n). 
n 

Hence 

A{n, m) = { m , k N /k+n _ n m ^ m 



- E ( Jr,), n > 

n ^— ' \n—m—kj \ n—1 J ' 



fc=l 



Example 10. Let us obtain the generating function A(x) = [2 ln(l + x) — x]^ 1 . To do this we 
need to find the composita of the generating function F(x) = 2 ln(l + x) — x. The composita 
of the generating function 2 ln(l + x) is equal to 



2 k - 
n\ 



The composita of generating function (—x) has the expression ( — l) h 5(n, k). Then the 
composita of the sum of the generating functions, according to [I], is equal to 

k /; \ n+l—k r [~n— il 

W ) (*-()! 2- (-1)' 



Since 

1 ,Z = i, 
, otherwise, 

we get the following expression for the composita 



8(i,l) 



Hence, applying the formula for the composita of the sum of the generating functions, 
according to [4j, we obtain 

m^(n + k-l\ A , fk\ sp G) U-l)^- 1 (-1)' [ w 7-/ +3 1 

n ^ 1 n - 1 ) ^ \j J ^ (n-m-l + j)\ 

k=o v 7 j=o yj/ i=o v Jy 



Therefore, the desired formula have the expression 



(n-Z + j-1)! 
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Example 11. Let us find the expression of generating function coefficients A(x) = [ln(l + 
x)(l — To do this we need to obtain the composita of generating function 

ln(l + x)(l -x) 

The composita of generating function ln(l + x) has the expression 



. l. k\ 
-if- 
n\ 



The coefficients of the generating function (1 — x) k are equal to 
Then the composita of the product is equal to 



i=k 



k 

n — i 



(-l) n "\ 



Further, applying the formula [121 we get the expression for the coefficients of the reverse 
generating function. 



a m 



n-l 



n+j-l 



n+j-l-i 



n — 1; 



, n > 1. 



fc=i 



Example 12. Let us find the solution for the functional equation 2 A(x)— e A ^+l = ln(l+x). 
It can be represented in the form of 

A(x) = F(ln(l + x)), 

where F(x) = [2x — e x + 

In order to solve this problem, it is necessary to write the expression of the function 
coefficients F(x). To do this we find the composita of the generating function R(x) = 
2x — e x + 1. The composita of the generating function (1 — e x ) is equal to 



-1^ 



fc! 



n\ 1 k 



n 



The composita of generating function R(x) = 2x is equal to 2 n b n ^. Hence, based on the 
Theorem on the sum of compositae [4], the composita of the generating function F(x) with 
{°} = 1, is equal to 



1=0 



n+l—k 



R A (n,k) = J2( 1 ) (k - iy. (-i) k - 1 2 l £ 



i=l 



[n — i)\ 



After transformation, we get 

r* (n k) - v (?) (-*)*-' 2'{d} 

1=0 v 7 

Hence, based on the formula ITUl and with A(n,n) = 1, we write 



F [n,m) 



'„ + fc _ 1^ ^ ^ g) (./ - /)! 2' (-1)' {" "! /-} 



e „:r e e 



n ^— ' V n — 1 / ^— ' \ 7 / (n — m — I + j)\ 

k=0 v 7 j=0 VJ/ 2=0 K J ' 

Since the coefficients of reverse function have the expression a(n) = A(n, 1), we can write 
the following expression 

! f n + k _ A * / k \ i (]) (j -l)\2 l f-J+f 1 } 



i — n V / n \ J / ;— n 



(// • / • j - 1)! 

k=0 x ' j=0 ^ ' 1=0 v J 1 

Now if we consider coefficients of the exponential generating function n\f(n), then we 
can get the sequence A000311 [S]. 

Therefore, from the expression of coefficients for F(x), the composita for ln(l + x), the 
composition formula HI we obtain the expression for the desired coefficients 



m=l 



m ' X 'm + k-\\*(k\' © (j - 0! 2' (-1)' {^f 1 } 



E(m — 1)! n ^-^ fm + k — 1\ v ^ / fc\ 
n! m^l m - 1 J ^ \ j J ^ 



. ,7/ ^— ' (m — l + j — 1)! 

fc=l v 7 j=l vJ/ z=o v J 1 
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